We present a complete description of the set of 4-connected contraction-critical graphs.
Introduction
The terminology is that of Harary [2] except that we use "vertex" and "edge" instead of "point" and "line", respectively. If H is a subgraph of G, then N,(H) (or just N(H)) d enotes the set of vertices G -V(H) which are adjacent to some vertex of H. If G is n-connected and A is an n-cut (i.e. a separating set of n vertices), then any connected component H of G -A is called an n-fragment with respect to A, and the subgraph of G induced by V(H) U A is called a closed n-fragment and is denoted a. A graph is called contraction critical if the contraction of any edge decreases the connectivity. We denote by r, the collection of n-connected contraction critical graphs. It is easy to see that & = {K3}. Thomassen [5] proved that r, = {K4}. In this paper we present a complete description of &.
Preliminary results
The first lemma is an easy exercise. The same type of reasoning also proves the next lemmas of [3] .
Lemma 3. Zf A and B are n-cuts of an n-connected graph G and G' is the union of some components of G -A such that (V(G') n B( > 4 IA\BI, then G -(AU V(G'))
. 1s a subgraph of a closed fragment with respect to B.
Lemma 4. Zf A and B are n-cuts of an n-connected graph G and H is a component of G -A such that B c V(H) U A, then only one component of G -B is not a subgraph of H.

The contraction critical 4-connected graphs
Our main result is based on the two propositions below.
Proposition 1. Let G be in Z, and let u E V(G). Let A be a 4-cut containing u and some neighbour of u and let H be a component of G -A. Then u has two adjacent neighbours u', u" such that u' is in H and has degree 4 in G.
Proof (by induction on IV(H)I). If IV(H)1 = 1 there is nothing to prove so assume that IV(H)1 32. Let A = {u, ul, u2, u3} and let u be a neighbour of u in H. By Lemma 1, G has a 4-cut B containing u and V. If B s A U V(H), then by Lemma 4, H has a subgraph H' which is a component of G -B. We then apply the induction hypothesis to H' and complete the proof. So we can assume that B = {u, v, ul, u2} and that v2 $ A U V(H).
Assume first that v, 4 V(H). Since IV(H)( > 1, H-v
has a vertex uo. Let HI be the component of G -B containing u0 and let Hz be another component of G -B. Since A intersects H, and Hz (by Lemma 2) we can assume that ui E V(H;) for i = 1, 2. Then C = {u, v, ul, us} is a 4-cut of G and we complete the proof by applying the induction hypothesis to the component of G -C containing uO. So, we can assume that v, E V(H).
By Lemma 2, A intersects each component of G - We now consider a 4-cut C containing u1 and vl. Let Hi, Hi be distinct components of G -C. Since u1 is adjacent to both Hi and Hl we can assume that v E V(H;) and v2 E V(H;). Then C must contain U. If C c V(H) U A we complete the proof by induction. Otherwise, Lemma 1 implies that Hi intersects {u2, ZQ} and we can assume that u3 E V(H;). Then {u, u,, u2, vi} is a 4-cut and we complete the proof by induction. 0 In particular, U' is not joined to ul. Similarly, U' is not joined to u2. By Proposition 1, u is adjacent to a vertex of degree 4 in HI (which must be ui) and to another vertex which is adjacent to ul. That vertex must be v. So, v is adjacent to u1 and similarly, v is adjacent to u2. In particular, v is in A and v fu'. We consider again the above 4-cut B containing u and u2 and apply Proposition 1 to the components of G -B containing u1 and u'. This implies that both u1 and U' have degree 4 and are adjacent to a vertex of N(u). In particular, U' is adjacent to v. M. Fontet [l] has announced a result equivalent to Theorem 2.
